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jg ■ Abstract 
> 

^ . Gauge fields in exotic representations of the Lorentz group in D dimensions - i.e. ones which 
are tensors of mixed symmetry corresponding to Young tableaux with arbitrary numbers of 
rows and columns - naturally arise through massive string modes and in dualising gravity 
and other theories in higher dimensions. We generalise the formalism of differential forms 
to allow the discussion of arbitrary gauge fields. We present the gauge symmetries, field 
strengths, field equations and actions for the free theory, and construct the various dual 
theories. In particular, we discuss linearised gravity in arbitrary dimensions, and its two 
dual forms. 
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1 Introduction 

Fields in symmetric or antisymmetric tensor representations of the Lorentz group occur 
in many contexts. However, tensor fields in more exotic representations corresponding to 
arbitrary Young tableaux can also occur. Such fields arise among the higher-spin massive 
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modes in string theory, and can also occur in dualising some of the more familiar tensor 
fields. They arise too in higher spin gauge theories in dimensions 5 < D < 7 §. The 
free covariant field theories for such representations have been discussed in @, ||, ||. It 
is well known that a massless p-form gauge field A in D dimensions can be dualised to a 
D — p — 2 form gauge field B, with dA = *dB, exchanging field equations with Bianchi 
identitites. This can be extended to other tensor fields. For example, a massive spin-two 
field in four dimensions, usually described in terms of a symmetric second rank tensor, has 
a dual description in terms of a third rank tensor d^ vp = d[ pu ] p satisfying d pup = —d vpp and 
d[ P vp] — ||. It is then of mixed symmetry, corresponding to a Young tableau with two 
columns of length two and one. In |J, [^], [|], [[|, dual forms of linearised gravity were found 
in arbitrary dimensions. 

For example, in D = 5, linearised gravity is formulated in the usual way in terms of a 
symmetric tensor h^ v . There are however two dual forms of this theory, one formulated in 
terms of a gauge field d pup (again satisfying dp Vp = —d vpp and d[ pup ] = 0) and one formulated 
in terms of a gauge field c pvpa with the same symmetries as the Riemann tensor. These fields 
transform under the gauge transformations 

bd^p = 2 d [lx a v ] p - 2 d {il a vp \ + d p (3p U - d [p (3p u] (1) 
5hp V = 2<9( At £ [/ ) 

respectively, with parameters Xp[u P \ — Xp,v P -, ®pu, @\uv] — Ppv an d £ M , so that each gauge field 
corresponds to five physical degrees of freedom; in each case, these are in the 5 representation 
of the little group SO (3). The respective gauge invariant field strengths are 

Gpupaa/3 = ^ d[ p C up ][ aa ^], S pupa /3 = — 6 d[ p d up \ [ 0i/ g] , Rpupa = ~ 4 d[ph u } [ PjCr ] (2) 

which all involve two derivatives. In gravity, the linearised curvature satisfies the Bianchi 
identity 

R[pup]a = (3) 

and the linearised field equation 

V^Rpupa = (4) 
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where rj^ is the SO (A, l)-invariant Minkowski metric. The gauge field d^ up can be defined 
non-locally in terms of the gauge field h^ u via the duality relation 

S pupa/3 = ■ytfj.uprfd R 1 a (3 (5) 

The gravitational field equation then implies that S^pa/3 satisfies the Bianchi identity 

S[nvpa]/3 = (6) 

while the gravitational Bianchi identity implies the field equation 

rTS^pap = (7) 
Similarly, one can introduce the gauge field c pupa via a further duality 



Ofiupua/3 r .^cra(3^sS ' pvp ^ (8) 



whose field strength then satisfies the Bianchi identity 

G\jwpo]aP — (9) 



corresponding to the gravitational Bianchi identity and the field eqautions for d pup , and the 
field equation 

V^V ua G^ al 3 = (10) 
corresponding to the gravitational field equation and the Bianchi identity for S pupa /3. 

These dual forms of gravity in D = 5 arise naturally from considering the reduction of the 
(4,0) supersymmetric free theory in D = 6, in which the five physical degrees of freedom of 
the graviton in D = 5 arise from the reduction of a gauge field C^npq in s ^ x dimensions with 
the symmetries of the Riemnann tensor and with field strength satisfying D = 6 self-duality 
constraints |§, |§, @. In 0, it was argued that M-theory compactified to D — 5, with 
D = 5, N = 8 supergravity as the low-energy effective field theory, could have a strong- 
coupling limit giving rise to a D = 6, (4,0) supersymmetric theory with gravity described by 
the exotic gauge field C^npq- 
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This generalises to D dimensions, where the graviton h^ v is dual to a gauge field -D w ... A t D _ 3 i/ 
(corresponding to a Young tableau with one column of length D — 3 and one of length one) 
or to a gauge field C lix ... IMD _ aVl ,„ VD _ z (corresponding to a Young tableau with two columns, 
both of length D — 3). 

Antisymmetric tensor gauge fields are naturally formulated in the language of differential 
forms. The purpose of this paper is to develop the corresponding formalism for these higher 



rank gauge fields and their dualities, following the work of |TT|, fl2]| , p~3f . Gauge fields such 
as h^ u , -D M1 ... Ato _ 3 i< or C f w .„ At£ ,_ 3V1 ... W£) _ a represented by Young tableaux with two columns of 
length p, q are elegantly described in terms of bi- forms, taking values in the tensor product 
space A p ® A g of p-forms with g-forms. This formalism is developed in section 2 and applied 
to gauge theories. The construction is generalised in section 3, using multi-forms to establish 
dual descriptions of theories with gauge fields in arbitrary representations of GL(D, E). 



2 Generalised dual descriptions of linearised gravity 

In five dimensions the usual electromagnetic duality between the local descriptions in terms 
of the one and two-form gauge fields or B pv generalises to a gravitational triality between 
the local descriptions in terms of the three gauge fields h^ u , d pup or c pvpa in representations 
corresponding to Young tableaux with two columns. The electromagnetic duality can be 
considered in arbitrary spacetime dimension D with equivalent descriptions in terms of the 
electric or magnetic potentials A p or £? w ... MJ3 _ 3 . As discussed in |§, one can similarly consider 
a linearised gravitational triality in D dimensions with the conventional presentation in 
terms of the graviton h^ u having equivalent descriptions in terms of either -D Ml ... At£ ,_ 3I , or 
C^ 1 ... PD _ 3 u 1 ...u D _ 3 - The three dual fields correspond to the GL(D, R)-irreducible two-column 
Young tableaux representations [1, 1], [D — 3, 1] and [D — 3, D — 3]. 

The purpose of this section is to develop the theory of bi-forms which describe these gauge 
fields and their triality most economically. This work was first presented in . 
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2.1 Bi- forms 



Consider the GL(D, M)-reducible tensor product space of p-forms and g-forms X p ' q := A p (g)A 9 
on M. D whose elements are 

T = —T—^T^ ^ v y dx 111 A ... A dx^ p (g) dx Vl A ... A dx Vq (11) 
p\q\ p q 

where the components T M1 ... Mp!/1 . ..„, = 7] Ml ... ( u p ][i/ 1 ...i/ g ] are totally antisymmetric in each of the 
{/i} and {z/} sets of indices separately. No symmetry properties are assumed between the 
indices /ij and the indices Vj . The tensor field T E X p ' 9 is well defined and will be referred to 
as a bi-form. This definition of a bi-form is useful since one can employ various constructions 
from the theory of forms acting on the individual A p and A q subspaces. 

A generalisation of the exterior wedge product defines the bi-form T T' E x p+p '' q+q ' , for 
any T E X™ and T' E X p '' q ', by 

TG)T' = - T T' r/r Ml A Adr^p+p' 

1U1 (p + tf)l(q + (J)! ^-^ Vl - M " » P +i-v P+pl v q +i-v q+q i ax a... a ax 

(8)da:^ A... AtfeW (12) 

This definition gives the space X* := J2( pq )®X p ' q a ring structure with respect to the 
©-product and the natural addition of bi-forms. 

Clearly, standard operations on differential forms generalise to bi-forms. There are two 
exterior derivatives on X p ' q . The left derivative 

d : X p ' q -> X p+1 ' q (13) 

and the right derivative 

~d : X p ' q -> X M+1 (14) 

whose actions on T are defined by 

dT = ^d [ ^ 1 ... fMp]ui .. Mq dx» A dx^ A ... A daf* dx Vl A ... A dx u " E X p+1 ' q 

dT = -^d [u T w ^ pWl .. Mq] dx^ A... Adx^ ®dx v Adx Vl A...Adx v " E X p ' q+1 (15) 



[] It is clear from these definitions that 

d 2 = d 2 = 0, dd = dd (16) 
One can also write the total derivative 

V : X p ' q -> X p+1 ' q © X p ' q+1 (17) 

defined as 

V := d + d (18) 

which satisfies V 3 = 0. 

Similarly, one can also construct distinct left 

i k : X p ' q -> X^ 1 ' 9 (19) 

and right 

6 fc : X p ' 9 -> X^ 9-1 (20) 

interior products defined by 



1 

(p~l)\qV 



ik T = ——k^T^ 2 „^ pUl „ Mq dx^ A ... A dxf* ® da:" 1 A ... A dx"« G X^ 1 ' 9 



? fc T = \ 1 y k Vl T^... f , p u 1 u 2 ...u q dx^ A ... A dx* ® dx" 2 A ... A dx"« G X™" 1 (21) 

for some vector field fc. Again, it is clear that = if = and iyik = lk L k- 

Consider now such bi-forms as reducible representations of the Lorentz group SO(D — l, 1) C 
GL(D, R), so that there is a Minkowski metric t]^ u and a totally antisymmetric tensor e A41 ... |tD 
which are SO(D — 1, l)-invariant tensors. These allow the construction of two inequivalent 
Hodge duality operations on bi-forms. There is a left dual 

* : X p ' q -> X D - p ' 9 (22) 



1 As usual, the square bracketed indices are to be antisymmetrised while those inside vertical bars are 
excluded from the antisymmetrisation. For example Tu\ vp u] :— \^T V a>pa~ r ^civpii) f° r some fourth rank tensor 
T 
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and a right dual 

$ : X p ' q -> X p ' D - ? (23) 

defined by 

* t = j^w^Af^ A - A ^ D ® rfa " A - A G x °~ P,q 

*T = plqK p _ g) , T ft , w ^"V^' A - A ^ ® A - A ^ e^ p ' D " 9 

(24) 

where indices are raised using the SO(D — 1, l)-invariant metric. These definitions imply 

This allows one to also define two inequivalent 'adjoint' derivatives 

dt ;= (_i)i+^(p+i) * d* : x M -> X^ 1 ' 9 (25) 

and 

d~t : = d* : X M -> I"''- 1 (26) 

whose actions on T are defined by 

d f T = ^r r7 ^ 1 T MlW ... MpW1 ... I/9 da^ a A ... A dx^ (g> dx Ul A ... A dx u « E X*- 1 * 

(P — l)\ql 

d^T = -_L«n T dx ^ A ... A dx » P g, d x - 2 a ... A dx v « E X™~ 1 (27) 

p\[q — 1)! 

These definitions imply d^ 2 — (& =0 and d^d~t = d~td^. One can then define the Laplacian 
operator 

A := dS + Sd = dtfc + d)d : X p ' q -> X p ' q (28) 

2 Another formalism used to describe higher spin gauge theories is proposed in |Pj]| , Jl2[ , ]T^ |. The 
construction there specifies a sequence of Young diagrams with increasing numbers of cells. There is then 
just one notion of exterior derivation which maps to the next element in the sequence and one interior 
product which maps to the previous element. This encounters some difficulties when it comes to describing 
the linearised gauge theory. Recall, for example, that the gauge transformation for d pup in (|l|) contained 
terms involving two parameters a„„ and [3 pl , with different index symmetries. Consequently if d pvp is an 
element in the complex then one could only write its gauge transformation as the exterior derivative of either 
the symmetric part of a pv or [3 plJ - whichever was chosen to be in the complex. 
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where the second equality follows identically. 
A trace operation 

r : X p ' q -> XP- 1 ' 9 ' 1 (29) 

can be defined by 

rT = (p _ i)^ _ 1 y ^ lUl T^...^ 1 ...u q dx^ A ... A dx*> (g) dx^ A ... A dx v * € X^ 1 ''- 1 (30) 
Consequently, one can define two inequivalent 'dual trace' operations 

;= (_1)1+J>(P+1) * r * ; X M -> X^ 1 ' 9 " 1 (31) 

and 

or := (-l) 1+D k +1 >* T S : X M -> X^ 1 '^ 1 (32) 

so that 

(-l)P +1 

aT = p!( g - l)! ^ 1 -^ 1 '" 2 -^^ 1 A - A ^ A ^ dx " 2 A - A ^ E XP+1 ' 9 ' 1 
(-l) q+1 

~° T = (p- ^lg! ^ 1 -^- 1 ^ 1 -^^ 1 A - A Cfa/W ^ A ^ A - A ^ E XP ~ 1,q+1 

(33) 

It is also useful to define a transpose operation 

t : X™ -> X 9 ' p (34) 

by 

*T = — T„ „ o|tl .dx" 1 A-Adx"*®^ 1 A...Adx^ G X 9lP (35) 

pig] 

and a map 

r? : X p ' q -> X p+1 ' 9+1 (36) 

by 

^ T = (p + + ^i ^i^i^-Mp+i^-^+i^ 1 A ... A dx Mp A dx ,lp+1 <S> dx Vl A ... A da;" 9 A dx Vq+1 

(37) 



where the action in fl3"T| ) is identical to the ©-product with the SO(D — 1, l)-invariant metric 
r)^, so that r/T = r\ © T. 

It is also convenient for the forthcoming discussion to state the identities 

rd + dr = d^ 

rd + dr = d^ 

T S + d)r = (38) 

rdi + dW = o 

which imply the further relations 

(-l) n+1 T n d + dr n = ndW 11 - 1 
(-l) n+1 r n d + dT n = n$r n - 1 

ad + da = (39) 

ad + da = 

that follow by induction. 

A further important result is that, for any bi-form T G X p ' q , then 

T n T = =5> ( T D - p - q+n * *)T = (40) 

but does not imply ^ T D -p-Q+ n - 1 * — o for n > 1 and D — p — q + n > 1. The proof 
follows since the expression on the right hand side of fl4"0| ) only contains terms with n or 
more traces of T. Consequently tT = implies the whole bi-form T = for D < p + q (but 
not for D > p + q). More generally, r n T = implies T = for D<p + q + l — n. 



2.2 Reducible gauge theories 

In this section, we will discuss the gauge theories for fields in reducible representations of 
GL(D,M), and in the following section we will refine this to examine irreducible representa- 
tions. Consider then a gauge field A e X p ' q with components A lil ... lJtpVl ... v = ][ Vl ... Vq \- 

9 



Consider also the general gauge transformation 

5 A = da p ~^ q + da™- 1 (41) 

with gauge parameters a p ~ 1,q G X p ~ 1,q , a p,q ~ 1 G X p,q ~ l . The gauge invariant field strength 
is 

F = ddA (42) 

satisfying the Bianchi indentities 

dF = 0, dF = (43) 
A natural field equation to impose is 

tF = (44) 

This gives a reducible theory. For example, A G X 1,1 is a general second rank tensor A^ v 
which can be decomposed into symmetric and antisymmetric parts. Such reducible theories 
were investigated in and although the formalism can be developed, it seems more natural 
to decompose into irreducible representations of GL(D,M). 



2.3 Bi-form gauge theory 

The formalism above can be used to describe a free gauge theory whose gauge potential 
A G X p ' q is a tensor field transforming in an irreducible representation of GL(D,M.) such 
that its components A^^^ Vl _ Vq have the index symmetry of a two-column Young tableau 
with p cells in the left column and q cells in the right column. Without loss of generality, we 
take p > q. A shorthand notation for this representation is [p, q\. f\ We will write for 
the subspace of X p ' q in the representation [p,q]. Recall that irreducibility under GL(D,M) 
implies that the components of A of must satisfy (TT4 



A[i 11 ... fJ/p ][ Ul ... Uq ] — A^ 1 _ 4lpl , 1 ^ Mq , ^4[/j 1 .../i P y 1 ]i/ 2 ...^q — 

(45) 

an d ^i...^ p i/i...^ q = if P = Q 



3 The convention of writing tableaux in terms of the number of cells in each column differs from the 
standard way of labelling by row occupancy (e.g. in |fl4|), but is more suitable for the discussion here. 
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Such a tensor has 

fD\ f D + l 

dim D \p,q] = 

\p J V i 



Q 



p + 1 



(46) 



independent components for p > q. For example, the graviton h^ u in five dimensions has 
dimsfl, 1] = 15 components. These conditions can be written as the conditions on the 
bi-form A 

a A = 

and A = tA if p = q (47) 

Thus, for p ^ q, X^' 9 * is the kernel of the map a : X p < q — > X p+1 ' 9_1 , while for p = q it is the 
subspace of the kernel invariant under the transpose t. It should be noted that a A ^ for 
p > q though for p = q, a A = a A = 0, since tA = A. 

This presentation is given before gauge fixing. After restricting to the physical (light-cone) 
gauge, the components of A, written A il ^ ip j 1 ^ j q , transform irreducibly under the little group 
SO(D - 2) C SO(D - 1, 1) C GL(D, R) (for D > 2). Since this implies the existence of an 
SO (D— 2) -invariant metric Sij then irreducibility under SO(D—2) implies that, in addition to 
the index symmetries ([4"5]), the components of A must also satisfy the tracelessness condition 
«2 i P ij2 j q = ( or ec L u i va l en tly Ty 4 = with respect to the SO(D — 2)-invariant metric). 
Such a representation, in physical gauge, therefore has 

dim {D _2) [p, q] = dim (D _ 2 ) [p, q) - dim {D _ 2) [p - 1, q - 1] (48) 

independent components. For example, the physical graviton in five dimensions has 
dim^l, 1] = 5. 

The GL(D, M)-reducible space of bi-forms X p,q contains the space of all type [p,q] tensors, 
written X&' q \ as a GL(D, R)-irreducible subspace so the bi-form operations in section 2.1 
are well defined on these irreducible tensors. The projection from X p,q onto is the 

Young symmetriser 3V<?] f° r the particular [p,q] tableau symmetry |14|. Thus A satisfies 



A = y M o A (49) 
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In order to perserve this, we project the gauge transformation (<H) to obtain 

5 A = y M o (da p - 1 > q + da™' 1 ) (50) 

for bi-form parameters a p ~ 1,q G X p ~ 1,q and a PA ~ x G X p,q ~ 1 . These gauge parameters are 
not assumed to be GL(D, R)-irreducible. The first order gauge transformation for A is then 
proportional to the sum of two tableaux with symmetry of [p, q] type - one term having 
a single partial derivative entered in the left column and the other having a single partial 
derivative entered in the right column. 

In conventional Abelian gauge theory with a p-form (one-column [p, 0] tableau) potential 
^/ii.../<o one can write a field strength (p + l)-form F = dA which is invariant under the gauge 
transformation 5 A = da for some (p — l)-form parameter a. Following this, several authors 
0, AH) |, fl6 l have proposed a type [3,1] field strength involving a single derivative of the 



two-column, type [2, 1] gauge potential used to describe the Pauli-Fierz system. Such 
a construction, however, is found to be invariant under only the a 1 ' 1 part of the most general 
gauge transformation proposed in (0). The example of the type [1, 1] graviton though has 
the linearised Riemann tensor, involving two derivatives, as its invariant field strength. This 
is indicative of the general observation that two-column tableaux gauge potentials should 
describe linearised 'gravitational type' systems whose field strengths involve two derivatives 
of the given gauge potential. Consequently, the unique GL(D, R) -irreducible field strength 
F is the type [p + 1, q + 1] tensor defined by 

F = 3Vn,,+i] o (ddA\ = ddA (51) 

which is invariant under the full gauge transformation fl50|) . The left and right exterior 
derivatives act as d : — > X p+l,q and d : X' p ' 9 ' — > X p,q+l on the irreducible subspace 
X\p<i] and so do not map tableaux to tableaux. The composite operator dd, however, acts as 
dd : — > X^ p+1 ' q+1 ^ on the irreducible subspace which implies the identity in fl51). The 



expression is unambiguous since the left and right exterior derivatives commute. A theorem 
I2| , in fact, allows any globally defined type [p + 1, q + 1] tensor F that is closed under 



m 



both d and d to be written as in flBTD for some locally defined type [p, q] potential A (this 
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is true globally on M. D ). This generalises the well known Poincare lemma that any closed 
(p + l)-form can be written locally as the exterior derivative of some p-form potential. In 
terms of Young tableaux, (|5"ID simply corresponds to a type \p + 1, q + 1] pattern with one 
partial derivative in each of the two columns. The gauge invariance of (|51|) then follows 
because SF corresponds to a type [p + 1, q + 1] pattern with at least two (commuting) partial 
derivatives in a single column. 

In addition to this gauge invariance, the field strength F also satisfies the two second Bianchi 
identities 

dF = 0, dF = (52) 

which follow from a similar reasoning, and the first Bianchi identity 

aF = (53) 
for p > q, by virtue of GL(D, R)-irreducibility. 
The natural equation of motion is the generalised Einstein equation 

tF = (54) 

This is non-trivial, in the sense that it does not imply F = 0, for dimension D > p + q + 2 
(using (fiCD). More generally, for dimensions D=p + q + 3 — n, the field equation 

r n F = (55) 

gives a non-trivial equation. For example, for a type [1,1] tensor (graviton) h^, F is the 
type [2,2] linearised Riemann tensor, and tF = is the vacuum Einstein equation R^ v = 0. 
This is non-trivial for D > 4. For D — 3, the Einstein equation R^ u = implies the 
whole curvature vanishes, and is too strong as it has no non-trivial solutions. For D = 3, 
the equation t 2 F = 0, i.e. the vanishing of the Ricci scalar R = does give a non-trivial 
equation and gives a theory dual to a scalar field 0. 
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2.4 Dualities between type [p, q] tensors 



As discussed in ||, although the gravitational triality in five dimensions was found via 
dimensional reduction of a self-dual field in six dimensions, one can more generally consider 
the dual descriptions of a graviton in D dimensions. Given the linearised Riemann curvature 
R as the type [2, 2] field strength (|51|) for the graviton then one can construct two inequivalent 
Hodge duals given by the bi-forms S := *R G X D ~ 2 ' 2 and G := **R G x D ~ 2,D ~ 2 which 
are written 

Sf il ,.,ij, D _ 2 i> 1 v 2 = — -R j^jij £aPni...HD-2 (^^) 

in component form. 

The curvature tensor satisfies the first Bianchi identities 

aR = 0, ai? = (58) 

the second Bianchi identities 

dR = 0, dR = (59) 

and the Einstein equation 

tR = (60) 
in .D > 4, which implies the secondary field equations 

SR = 0, ctiR = (61) 

which are obtained using 
The dual tensors 

S = *R, G = **R (62) 

then satisfy the algebraic constraints 

aS = 0, oG = dG = (63) 
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which imply they are GL(D, R)-irreducible, such that S G X^ D ~ 2 ^ and G E X^ D - 2 ' D - 2 l 
They also satisfy the differential constraints 

dS = 0, dS = 0, = 0, tfS = (64) 

and 

dG = 0, dG = 0, t d ' 4 SG = 0, r D - 4 (bG = (65) 
together with the field equations 

tS = 0, t d ~ 3 G = (66) 

which are non-trivial for S and G in D > 4. These are derived from the properties of the 
Riemann tensor and by using fl39[) and (ftOf ). The dualities (|56|) and (p7|) interchange field 
equations and Bianchi identities. For example the field equation ri? = becomes r * S = 
and which is equivalent to *aS = 0, implying the Bianchi identity aS = 0. It then gives the 
field equation r * *G = 0, which is equivalent to r D ~ 3 G = 0. The Bianchi identity aR = 
becomes the field equation tS = and then the Bianchi identity aG = 0. These properties 
follow from the fact that r, which occurs in the field equations, is related to a, which occurs 
in the Bianchi identities, by Hodge duality as o ~ *t*. 

The irreducibility of the duals S and G, together with the fact that they are closed under 
both d and d further implies that these tensors can be solved in terms of the type [D — 3, 1] 
and [D — 3, D — 3] gauge potentials flD _ 3U and C^ 1 ,, 4JiD _ 3U1 ,, MD 3 , such that S = ddD and 
G = ddC. The three constraints tR = 0, tS = and t d ~ 3 G = can then be seen as the 
non-trivial, linearised equations of motion for h, D and C. 

Another way to see the duality given above is in physical gauge where one has no gauge 
symmetry to consider and there exists an SO(D — 2) orientation tensor e 11 '" 10 ' 2 . The two 
dual potentials are then related to the physical graviton hij such that D = *h and C = **h 
(where * here denotes the SO(D — 2)-covariant Hodge dual). This gauge-fixed definition of 
D and C implies that they are irreducible under SO(D — 2) following the irreducibility of 
h. A non-trivial check that each of these three fields describes the same number of physical 
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degrees of freedom follows the result that 

dim^ D -2) [1, 1] = dim^D-2) [D — 3, 1] = dim^ D - 2 )[D - 3, D — 3] = — ^ — — (67) 
for D > 3. Q 

The arguments presented in this section are straightforwardly extended for dualities between 
arbitrary type [p, q] tensor gauge theories. Consider a type [p, q] tensor gauge field h (with 
p > q) having type [p + 1, g + 1] field strength i? = dd/i satisfying the first and second 
Bianchi identities aR = 0, dR = and dR = 0. It is assumed that D>p + q + 2so that 
the 'Einstein' equation tR = which is imposed has non-trivial solutions. These properties 
of R again imply the secondary field equations d^R = and d^R = 0. 

For general p > q one can define three inequivalent Hodge dual field strengths 

S := *R e X D - p ~ 1 ' q+ \ S := *R G X p+1 ' D - q -\ G := *iR E X D - p ~ 1 ' D - q - 1 

(68) 

where S = tS for p = q. The above dualities, together with the properties of R, imply the 
algebraic constraints 

aS = 0, aS = 0, aG = (69) 

with the additional constraints aG = only if p = g and aS = aS = only if D = p + q + 2. 
5*, 5 and G are therefore GL(D, R)-irreducible. The dual tensors also satisfy the differential 
constraints 

dS = 0, cftS = 0, dtS = 0, 

dS = 0, d§ = 0, dftS = 0, (70) 

dG = 0, T^-^d^G = 



4 This is analogous to the more usual duality in physical gauge wherein a p-form gauge field A is related 

(D-2\ 

to a dual [D — 2 — p)-form _B such that £? = *A In this case both fields describe the same physical 

V P J 

degrees of freedom. 

5 The constraints in ( |69| ) imply this following the assumption D > p + q + 2 which implies that the bi-form 
S has a left column length > that of the right column and vice versa for S. The bi-form G has right column 
length > left column length, due to the assumption p > q. 
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with the additional constraints dS = 0, d^S = 0, dG = and r D 2 p q d^G = if p = q. 
The field equations imposed on the dual tensors are 

tS = 0, T 1+p ~ q S = 0, t d-i-p-ig = (71) 

which are non-trivial equations for S, S and G if p > q. The expressions ([39]) and ([40]) 
are used to derive the results above and again the dualities mix Bianchi and field equation 
constraints for the dual field strengths. For p = q, the expressions above imply S(= tS) and 
G can be solved in terms of type [D — p — 2, p] and [D — p — 2, D — p — 2] tensor potentials 
D and C, such that S = ddD and G = ddC. The field equations (|71~D can then be seen as 
the equations of motion for D and C. 

2.5 Gauge invariant actions 

In this section we construct the gauge invariant actions corresponding to the field equations 
given above for bi-form gauge fields in sufficiently large dimension. The construction of such 
actions is perhaps best described by starting with some simple examples. Consider the three 
fields h^, d^vp and c Mi , p(J of types [1, 1], [2, 1] and [2, 2] described in section 1, but now in D 
dimensions. 

The invariant action iS^ 1 ' 1 ' for the graviton h^ v is the linearised Einstein-Hilbert action given 
by 

S [1 ' 1] = - l -Jd D xh^E^ = J d D x {d^d^K ]p -2d^h^d^h p]p ) (72) 

where := R^ u — \rj pv R denotes the linearised Einstein tensor, satisfying d p E pu = 0, 
constructed from contractions of the linearised Riemann tensor R pupa = —Ady^h^p^. The 
Lagrangian has two expressions as either —^h^E^ in terms of the linearised Einstein tensor 
E^y or as quadratic terms in the type [2, 1] single derivative object d[^h u ^ p and its SO(D — 
1, l)-irreducible trace part v . Notice that neither d[ p h u ] p nor its SO(D—l, l)-irreducible 
traceless part is invariant under bh^ = 2d^ v ) even though S^ 1 ' 1 * is. The easiest way to see 
the gauge invariance is in terms of the —^h^E^ Lagrangian. Since the linearised Riemann 
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tensor R pvpa = —^d[ph u ^ p ^ is the field strength fl51~| ) for the graviton then it follows that the 
linearised Einstein tensor is also gauge invariant (it being constructed from traces of Rp Vpu ). 
The gauge transformation therefore only changes the Lagrangian by -\{8h pu )E^ which 
simply consists of a total derivative term (since d^E pv = identically) and so vanishes in 
the action integral. The field equation for this model is simply the linearised vacuum Einstein 
equation E pv = which is equivalent to the linearised Ricci flatness condition R a = in 
D ^ 2. It is also noted that this equation is trivial unless D > 4. [] The equation can be 
decomposed in terms of its linearly independent components, whence the graviton satisfies 

d 2 v = o, = and V = °- 



The gauge field d pvp has a field strength S pupa /3 = —Qd[ p d up ^ a ^ flo"T| ) and field equation 
tS = 0. The invariant action iS' 2 ' 1 ^ giving this field equation has been constructed in [15 1, 
16| . The presentation in these articles consists of quadratic terms in the type [3, 1] single 
derivative object d[pd up ] a and its trace part d[ p d uc ^ a . As already noted, these objects are 
not individually gauge invariant under (|5CiD , even though S^ 2 ' 1 ^ is. A more obviously gauge 



invariant presentation is given by 



S [2 ' 1] = ~\j d D xd^E pup (73) 

where E pup is the linearised 'Einstein' tensor for d^p, defined by 

E pvp := S p Uap — 7] p y p S (74) 

or equivalently, E = tS — i]T 2 S in bi-form notation. By construction, E pvp is a gauge 
invariant type [2, 1] tensor satisfying d^E^p = and d p Ep Vp = identically. Consequently 
the gauge transformation of the Lagrangian in ([T3|) is a total derivative implying the action 
is gauge invariant. The field equation for this model is then the linearised vacuum 'Einstein' 
equation E pup = which is equivalent to S a „ vap = in D ^ 3. This equation is non-trivial 

r\r f nic l m t~il^ t 4- n o "f- n , , , , , , , 

pup fanonra l/ Uj pl/ p 



in D > 5. The linearly independent components of this imply that dp Vp satisfies d 2 d pvp = 



d»d pup = 0, d»dp Up = and d^ = 0. 

6 In the lower dimension D = 3, one cannot obtain the non-trivial (vanishing Ricci scalar) equation R = 
from a gauge invariant action. 



The invariant action S^ 2 ' 2 ^ for c pvpa also has a more explicitly gauge invariant form given by 



S [2 > 2] = -~ I d D xc^E pupa (75) 



where En V pa is defined by 



in terms of the field strength G pi/paa p = 9 d^Cyp^a^. ( |76| ) can equivalently be written as 



= tG — 1r\r 2 G + ^rj 2 T 3 G in bi-form notation. By construction, E pupa is a gauge invariant 
type [2,2] tensor satisfying d^E pupa = 0. This implies the gauge invariance of (|75|). The 
field equation for this model is E pvpa = which is equivalent to G 01 ^ = in D ^ 4. This 
equation is non-trivial m D > 6. The linearly independent components of this then imply 
that c pupa satisfies d 2 c pvpu = 0, d^c pvpu = and c Mi / CT = 0. 

The general construction then considers the gauge invariant action S^'^ for a given type 
\p, q] tensor gauge field A pi ^ PpV1Uq . The gauge invariance can be seen by writing S^'^ in 
the form 

S [M] = -^fd D xA^--^-^E^ ul ,,, Vq (77) 

where E pl ,„ PpUl „ Mq is the gauge invariant type \p,q] tensor satisfying <9 Ml E pi ,„ PpVl „ Mq = 
and d Ul E pi ^ PpV1 ^ Uq = identically Such a tensor always exists and involves various terms 
involving two derivatives on A pi PpUl ^ Uq and all its possible traces. The general form of 
E pi ... PpUl .. Mq is given by 

E pi ... PpU1 ... Uq = y[p,q]° (^E pi ... Ppavi ,. Mq + 0-1 Vp^F 1 2 fl2 ... Pp a 1 a 2 U2...u q (^8) 

+ . . . + a q rj pivl ...rj PqVq F 1 9+1 AtlJ+1 ... AtpQ . 1 ...a IJ+1 

for q coefficients a\,...,a q (assuming p > q). The leading order term is the single trace tE of 
the type [p+ 1, q + 1] field strength F of A which is a type [p, g] tensor. The correction terms 
involve successive traces of this object (appropriately symmetrised using 34j l3 ])- The precise 
values of the coefficients are fixed uniquely by the conservation conditions above (for example, 
a\ = —pq/2). The field equation is given by the linearised vacuum 'Einstein' equation 
.p p v 1 ...v q — which is equivalent to the equation F a pi _ Pp0lUl Uq — 0, proposed in ||, for 
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D 7^ p+q. This equation is non-trivial in D > p+q+2. The linearly independent components 
of this equation imply d 2 A IMl ... llpVl ... Vq = 0, d^ 1 A^„^ pUl ,„ Vq = 0, d^A^...^,,,^ = and 



A a = o 

\la...lipOV1—Vq w- 



3 Mult i- form structure in exotic tensor gauge theory 

Having found the structure of bi-forms most suitable to describe gravitational dualities, this 
section will develop the general structure of multi-forms which can be used to construct gauge 
theories in D dimensions whose gauge fields transform in general irreducible representations 
of GL(D, R). The various dual descriptions of such gauge theories are also considered. This 
generalised description could also be relevant in studies of string field theory and W-geometry 



17| . The multi-form construction has also been considered in ||13|1 , Hl8 |. 



3.1 Multi- forms 

A multi-form of order iV is a tensor field T that is an element of the GL(D, M)-reducible 
iV-fold tensor product space of p^-forms (where i = 1, N), written 

X pi,.,pn ]= APi®...®A p ^ (79) 

The components of T are written T^i and are taken to be totally antisym- 

metric in each set of {//} indices, such that 

T K.. M y...[/4---/4j--^-<v] = T tA---^ v -A---4 i ---^---^ N ( 80 ) 

The generalisation of the operations defined for bi-forms to multi-forms of order N over M. D 
is then straightforward. The ©-product is the map 

q . J^P1,...,PJV x J^p'iv.p'jv X Pl+P ' 'l>-,PN+p' ' N (gl\ 

defined by the iV-fold wedge product on the individual form subspaces, by analogy with ([12]) . 
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There are N inequivalent exterior derivatives 

(jjS) ■ x Pl >-> Pi >- PN —+ x Pl '"'' Pi+1 '"'' PN (82) 

which are individually defined, by analogy with (|15|), as the exterior derivatives acting on 
the A Pt form subspaces. This definition implies d^ 2 = (with no sum over i) and that any 
two c/w commute. One can also define the total derivative 

N N 

V := J2 d(i) : X Pl '-' Pi '- pN -> J2®X P1 '-' P * +1 '-' PN (83) 

i=l i=l 

which satisfies T> N+1 = 0. 

There are N inequivalent interior products 

t W . XPl, — ,Pi, — ,PN ^Plr-iPi-h-iPN ^g4~j 

whose action is defined, by analogy with (|21[) , as the individual interior products on each 
A Pi form subspace. Consequently if 1 = (with no sum over i) and any two if 1 commute. 

For representations of SO(D — 1,1) C GL(D,M) there are N inequivalent Hodge dual 
operations 

■ x pi '-' Pi '- PN — > x Pl '- ,D ~ Pi, - pN (85) 

which, following fl24|) , are defined to act as the Hodge duals on the individual A Pl form 
subspaces. This implies that = (— 1) 1+ p*( d ~p*) (with no sum over i) with any two *W 
commuting. 

This also allows one to define N inequivalent 'adjoint' exterior derivatives 

^fW ._ /_^\i+x)(pi+i) ^(i) # W . y'' 1 /'•••••/' v _ » x pl '---' Pi_1 '--- ,PJV (86) 

This implies d^ = (with no sum over z) and any two eft® commute. One can then define 
the Laplacian operator 

A := d {i) S (i) + d tW d (i) . x Pl '-' Pi '- PN -> x Pl -" Pi -" Pjv (87) 

with no sum over i. 
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There exist (N — 1)! inequivalent trace operations 

T (v) ■ X pl '—' Pi '—' p i>- pN — >• X pi '"'' Pi ~ 1 '"'' Pi ~ 1 '"'' PN (88) 



defined, by analogy with (|30|) , as the single trace between the A Pi and A Pj form subspaces 



using 77^1^1. This allows one to define two inequivalent 'dual-trace' operations 

a (ij) ■— ^_]^ 1 +- D (ft+ 1 ) ^(i) r («i) ;K (i) . JfPi.-.Pij— .Pji— PJV ^-pi,-,Pi+l,-,Pj-l.-,PJV ^gg^ 

and 



<7 



.^ 1 + d (pj+ 1 ) ^(i) r fe') ;K 0') . xpi,—,Pi,—,Pj,-PN _^ j^pi,...,Pi-i,...,Pj+i,...,pjv (90) 



associated with a given (with no sum over i or j). Notice that a™' = since 
T (ij) = t (j«)_ 

One can also write (AT — 1)! inequivalent involutions 

f(.V) ■ J^Pl,-,P»-,Pj,-PAr j ^pi,...,Pj,...,Pi,...,pjv ^g^ 

defined by exchange of the A Pl and A Pj form subspaces in the tensor product space. And 
finally, there are (N — 1)! distinct operations 

r)(ij) : X pl '"'' Pi '"'' Pj, '" PJV — >■ X Pl, *"' Pi+1 '"'' Pj ' +1 '""' Pjv (92) 

defined as the ©-product with the SO(D — 1, 1) metric rj (understood as a [1, 1] bi-form in 
the A Pl ® A« subspace), such that r] {ij) T = 7? T for any T G AT P1 --' PJV . 



3.2 Multi-form gauge theory 

Consider now a gauge potential that is a tensor A in an arbitrary irreducible representation 
of GL(D,M) whose components have the index symmetry of an A^-column Young tableaux 
with pi cells in the ith column (it is assumed pi > Pi+i)- A given multi-form A e X plv "' PJV is 
in such an irreducible representation if 

a {ij) A = (93) 
22 



for any j > i and also satisfying t&'A = A if the ith and jth columns are of equal length, 
such that pi = pj. Such a representation is labelled \p±, ...,px]. Again, one can project 
onto this irreducible tensor subspace X^ Pl, '" ,PN ^ from X Pl ' '" ,PJV using the Young symmetriser 
y\pi,...,p N ]- 

The natural gauge transformation for this object is then given by 

for any gauge parameters ^-' p '-~ l '-' PN g x pty " ,Pi ~ lr " ,Plst . This just corresponds to the sum 
over N tableaux of type [pi,...,pjv] with the zth term in the sum having a single partial 
derivative entered in the ith column. 

The associated field strength F is a type \pi + 1, ...,Pn + 1] tensor defined by 

(N \ N 

UdPA) = l[dF>A (95) 
t=i / i=i 

which is gauge invariant under (p4|) . The identity in (|95|) follows from the observation that the 
composite exterior operator Yli=i '■ X^ pi, '"' PN ^ — > X^ P1+1 ''''' PN+1 ^ maps tableaux to tableaux 
even though individual exterior derivatives do not. The expression is unambiguous since all 
commute. The field strength (|9~5|) corresponds to a [pi + 1,...,pn + 1] Young tableau 
with iV partial derivatives (one in each column). Gauge invariance then follows from SF 
vanishing identically since at least one column must contain at least two partial derivatives. 



Again, rewriting the generalised Poincare lemma in JT2[ allows any type \p\ + 1, ...,pw + 1] 
tensor F (satisfying d^F = for all i) to be written as in (|9~5|) for some type [pi,...,pjv] 
potential A. The field strength F also satisfies second Bianchi identities 

d {i) F = (96) 

and the first Bianchi identities 

a {ij) F = (97) 

for any j >i. 
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Considering the irreducible representations of GL(D,~R) above to be reducible representa- 
tions of the SO{D — 1, 1) Lorentz subgroup allows the construction of a gauge invariant 
action functional from which physical equations of motion can be obtained. This principle 
is perhaps best illustrated by the use of two simple, non-trivial examples. 

Consider first the N = 1 example of a one-form Maxwell gauge field A p , viewed as a type 
[1, 0] tensor. The natural field equation for this model is the Maxwell equation d^d[ p A v -\ = 0. 
This equation can be derived from a gauge invariant Lagrangian proportional to A^d u d^A v y 
The gauge invariant field equation factor E p = d v d\ il A v \ corresponds to the trace of the type 
[2, 1] field strength tensor F pup = 2d^A v ^ p . The derived field equations can then be written 

r (12) F = (98) 



Now consider the N = 3 example of a totally symmetric, third rank gauge field 4> pup} viewed 
as a type [1, 1, 1, 0] tensor. The type [2, 2, 2, 1] field strength F = d w d^ d i3) d w <p is invariant 
under the most general gauge transformation 5<fi pup = 3 d^ yp ) for second rank gauge pa- 
rameter which can be taken to be symmetric. A unique gauge invariant action is given 
by 

S^' 1 ' 1 ' 01 = -\ J d D x r up E,„ p (99) 

where 

E pup = 3^1,1,1,0] ° (^Fanavppp — -^p^ v F a p a p^p^j (100) 

is the type [1, 1, 1,0] field equation tensor, satisfying d^E pvp = identically. Consequently, 
(|35D is invariant under the gauge transformation 54> pup = 3 d^ up ). The field equation derived 
from (|99|) is E pvp = which implies 3^i,i,i,o] ° {.F apau p p p) = in D ^ 2. In bi-form notation, 
this field equation is then written 

^y*i) T (fc4) F = o (ioi) 

where the sum is over three terms with (ijk) £ {(123), (231), (312)}, corresponding to the 
[1, 1, 1,0] Young symmetrisation. It should be noted that this field equation contains four 
derivatives of gauge field and consequently is somewhat unphysical in the sense that 
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physical theories contain precisely two derivatives in their equations of motion. Examples of 
such higher derivative field equations occur in Weyl gravity and higher order gauge theories 
with Lagrangians quadratic in the curvature. 

For iV odd, the natural field equation for a general type [pi, ...,Pn, 0] gauge potential A, with 
type [pi + 1, ...,Pn + 1, 1] field strength F, is then given by 

y\ P i,.,p N A°[Y, T{ili2) -- MiNN+1)F ) = ( 102 ) 

\ies N J 

where the sum is on the labels / = (zi...ijv) whose values vary over all permutations of the 
set (1...JV). The (iV + l)th label is not included in the sum and the Young projection is onto 
an irreducible type [pi, ...,Pn, 0] tensor. For N even, the field equation for a type [pi, ...,pn] 
gauge potential A, with type [pi + 1, ...,Pn + 1] field strength F, is given by 



y\pi,.,PN] ° 



j T (^)... T («-iw) F j = (103) 
\ies N J 



where the sum here is on all the labels / = (zi...ijv) whose values vary over all permutations 
of the set (1...N). The Young projection is then onto an irreducible type [pi, ...,pn] tensor. 

These field equations can be derived from the gauge invariant action 



A' 




s ln,., PN] = -[J]!-) j PzA^^^^E^..^^ (104) 



in terms of the type [pi, ...,pn] gauge potential A and some gauge invariant field equation 

tensor E involving iV partial derivatives on A for even N (or N + 1 derivatives for odd 

N) . Gauge invariance of (|104j) necessarily implies that E should satisfy the N conservation 

conditions d^E.i „i „< „< ,,n = identically for i = 1.....N. For even then the 
ij, 1 ...fj, P1 ...fj, 1 ...fi Pi ...fi PN j 

leading term in E necessarily involves N/2 traces of the field strength F of A and is obtained 
by the [pi, ...,Pn] Young symmetrisation of the sum over all permutations of iV labels of the 

1 2 N—l N 

term F„i ,,i „jv n^^.-.n^ Ml . The correction terms then consist of all further traces 
(appropriately symmetrised) with coefficients fixed by overall conservation of E. For N odd 
one can consider the potential to be a type [pi, ...,Pn, 0] tensor of even order N + 1 whose 
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field strength F is a type [pi + 1, ...,Pn + 1, 1] tensor. The construction of E is then the same 
as for the even N case. 

The notion of duality described in the previous sections could also be extended to give 
2 N equivalent descriptions of a gauge theory with type [pi, ...,Pn] gauge potential A. The 
construction is perhaps best illustrated by considering A in physical gauge such that it 
transforms in the SO(D — 2)-irreducible representation [p±, ...,p^]. There are then 2^ dual 
descriptions in terms of each of the potentials A, *WA, *w *^ A,..., *( N ' A. It must be 
understood however that not all of these dual descriptions are non-trivial. For example, in the 
type [1, 1] gravitational case then one has the set of four physical dual fields (h, *h, *h, **h) 
though only three of them h, D = *h = t*h and C = **h are distinct due to the symmetry 
of h. In general the number of distinct dual descriptions would therefore depend on the 
particular representation A is in. 



Note added: Most of the new material here was presented in PP[ . Subsequently, while 
this article was in preparation, the work jrj| appeared which also develops a multi-form 
formulation of the results of || and so has considerable overlap with this paper. 
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